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Abstract
In this work we study the numerical behavior of a diffusion
equation with a discrete source term and control variables.
Our goal is to use optimization techniques in order to obtain
a numerical solution that minimizes a given objective function
taking into account some restrictions. Some numerical results
are presented concerning the application into a model that de-
scribes the oxygen concentration in a single chamber microbial
fuel cell. These numerical results are used to obtain a continu-
ous approximation with the least-squares method.
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1 The approach
Let us consider the equation that governs the diffusion of a
given substance with concentrationu with a discrete source
term in the form

ut = αuxx +

r∑
i=1

qvi
(t)δ(x− yi), (1)

x ∈]0,L[, t ∈]0, T ],
whereδ is the Dirac delta function,α > 0 its diffusion coef-
ficient andr the number of points where we consider the “in-
jections”. Fori ∈ {1, . . . , r}, qvi

(t) is a control variable which
gives use a measure of the “sparging rate” of the substance in
the pointyi ∈]0,L[, in the instancet.

We consider the boundary conditions

u(0, t) = c0 e
∂u

∂x
(L, t) = 0,∀t ≥ 0, (2)

as well as the initial condition

u(x,0) = 0,∀x ∈]0,L[. (3)

The control variables are calculated solving an optimization
problem. We consider the problem studied in [7], which is de-

scribed in the following way:

minf(Q) (4)

s.a.:

r∑
i=1

∫ T

0

qvi
(t)dt = K (5)

qvi
(t) ≥ 0, i ∈ {1, . . . , r}, t ∈ [0, T ] (6)

wheref(Q) = C
∑r

i=1

∫ T

0 (ub − u(yi, t))qvi
(t)dt, K andC

are positive constants, andub is an upper bound for the con-
centration.

The numerical solution for this problem is obtained by finite
differences and optimization techniques.

2 Discrete problem
Let us consider in[0,L] × [0, T ] a grid {(xi, tj) : i =
0, . . . , n, j = 0, . . . ,m} with x0 = 0, xn = L, t0 = 0, tm =
T , with constant step sizes∆x = xi − xi−1, i = 1, . . . , n
and ∆t = tj − tj−1, j = 1, . . . ,m. Let us also consider
{v1, . . . , vr} ⊆ {1, . . . , n− 1} the indexes of the nodes of the
spatial discretization where we consider the injections, i.e.,
xvi

= yi,1≤ i≤ r. Using a second-order centered finite differ-
ence operator in space and the implicit Euler method in time,
with constant step sizes∆x in space and∆t in time, the solu-
tion u of the equation (1) can be approximated by the solution
of the following linear systems:

MU j = U j−1 + Rc̄0 + ∆tQj , (7)

j ∈ {1, . . . ,m},

where U j = (uj
1, . . . , u

j
n−1)

T

, with u
j
i ≈ u(xi, tj),

Qj = (qj
1, . . . , q

j
n−1)

T

, 1 ≤ j ≤ m, with q
j
i =

0,∀i ∈ {1, . . . , n − 1}\{v1, . . . , vr},∀j ∈ {0, . . . ,m},
c̄0 = (c0,0, . . . ,0)

T, M(n−1)×(n−1) a tri-diagonal matrix with
mi,i = 2R + 1, mi,i+1 = mi+1,i = −R (1 ≤ i ≤ n − 2)

and m(n−1),(n−1) = 1 + R, and R = α ∆t
∆x2 . Note that the
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control variables areqj
v1

, . . . , qj
vr

; the other components were
introduced in order to write the vectorial equation (7).

If we consider a discretization of (4)-(6), we obtain a dis-
crete approximation for the optimal solution by solving the
following optimization problem:

minf(Q) = C

m∑
j=1

r∑
i=1

(ub − uj−1
vi

)qj
vi

(8)

s.a.:

∆t

m∑
j=1

r∑
i=1

qj
vi

= K (9)

q
j
i ≥ 0, i ∈ {1, . . . , n− 1},

j ∈ {1, . . . ,m} (10)

This strategy could be generalized to other objective func-
tions. Replacing the solution of (7) in (8), we obtain a quadratic
programming problem and we may use known numerical algo-
rithms to solve it [5], [6].

In spite of the discrete source term, since we define our grid
in order to contain the injection points, we may conclude that
this scheme has orderO(∆x2,∆t) (see [2], [4]).

3 Optimal solution
To obtain an approximation to the solution of (1)–(6), we solve
(8)–(10) using two different strategies. In a first case we will
considerQ as a time independent function. Then, we haveq

j
i =

qi,∀i ∈ {1, . . . , n − 1}, ∀j ∈ {1, . . . ,m− 1} and we want to
know where andhow many substance must be injected in the
system. In a second case, we considerQ as a time dependent
function and so we want to knowwhere, when eand how many
substance must be injected in the system.

We now describe the optimal solutions for the two different
strategies described above.

For the first case – time independentQ – is it possible to
solve (8)–(10) analytically. We may prove that the optimal
source location isv1 = 1 (see [1]).

For the case whereQ is time dependent we cannot obtain
an analytical solution to the optimization problem. Neverthe-
less, our numerical tests (in [1]) show that the best location to
feed the system is still the pointx1 (i.e., r = 1 andv1 = 1).
So, we use thequadprog routine of the MatLab Optimization

Toolbox
TM

to approximate the optimal solution and the result
agrees with the previous case: onlyQ1 is non null, in spite of
the last components of this vector be positive (i.e., theK units
of substance available are injected in a short period of time,
near to the final time).

4 Numerical results
The problem (1)-(3) may be viewed as a model for the oxygen
diffusion in a microbial fuel cell [3]. A microbial fuel cell con-
verts chemical energy, available in a bio-convertible substrate,
directly into electricity. To achieve this, bacteria are used as a
catalyst to convert substrate into electrons.

Let us consider, as in [1] and [7],c0 = 40 and different val-
ues for the other parameters. In both cases we consider the
problem (1), withα = 20, L = 310 andT = 50. We admit
that, in (8)–(10),K = 350 andub = 50. In order to compute
the numerical solution, we consider the strategies explained
before.

Figure 1: Numerical solution of equation 1 using the optimal
control Q for the time independent and time dependent case.

As we point out in the previous section, and according to our
numerical results presented in [1], we may conclude that, for
the time independent case, the injections must be done in the
beginning of the chamber in order to minimize the given cost
function. For the case whereQ is time dependent the com-
putational results present similar behavior. However, the cost
is reduced due to the fact that a great among of substance is
injected late in time.

The solutionU = [U j ]mj=0 of equation (7) for the optimal
controlQ for both strategies are depicted in Figure 1. As we
may see, the results are similar. However, for the time indepen-
dent case, due to the fact that the injections are consider since
the beginning, the solution exhibits a slower decreasing.

5 Fitted solution
The previous results allows to estimateu in a discrete set of
points, but they not allow to obtain an expression defined in
[0,L]× [0, T ]. In this section, considering one injection point
γ ∈ [0,L], we obtain the best approximation ofu in a given
class of continuous functions, depending on several real pa-
rameters. These parameters are obtained by the least-squares
method applied to the mesh points. The solutions obtained
are well adapted to the solution of equation (1). At first, we
consider the case whereq is null function and we fitu(x, t)
by v(x, t) = c0e

−px/t, obtainingp = 1.034131. The numeri-
cal and the fitted solutions are depicted in Figure 2. We pro-
ceed in the same way when we considerq as a time inde-
pendent/dependent function, considering the injection point
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Figure 2: Numerical solution of equation (7) with out source
font and the correspondent fitted solutionv(x, t) = c0e

−px/t

with p = 1.034131.

error Q = 0 time indep.Q time dep.Q
||R(E(v))|| 0.01107 0.02377 0.02298
||U −R(v|| 0.01547 0.01035 0.01064

Table 1: Error for the fitted solution on the mesh points.

γ = 150. The computational results are presented in Figures
3 and 4 and the errors are reported in Table 1, where

E(v) = vt −αvxx − q(t)δ(x − γ),

R is the restriction operator to the mesh points and‖ · ‖ is
the euclidian norm. According to the results, we may conclude
that this technique is very efficient since we may obtain good
continuous approximations to the exact solution of (1).

6 Conclusions
In this work, we study a diffusion equation with discrete source
terms which may be interpreted as a model for the oxygen dif-
fusion in a microbial fuel cell. We also consider an approxima-
tion of the numerical solution in a special class of continuous
functions.

According to our numerical results, and the theoretical ones
presented in [1], we conclude that, in order to minimize the
given cost function, the injections must be done in the begin-

Figure 3: Numerical solution of equation (7) with one source
font at positionγ = 150 and the correspondent fitted solu-
tion v(x, t) = c0e

−p1x/t + (tp2 − c0e
−p1γ/t)e−p3|x−γ|/t with

p1 = 1.012630,p2 = 0.494404 andp3 = 2.533110 (time inde-
pendent case).
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Figure 4: Numerical solution of equation (7) with one source
font at positionγ = 150 and the correspondent fitted solution
v(x, t) = c0e

−p1x/t +p2e
t−T e−p3|x−γ|/t with p1 = 1.033471,

p2 = 12.286661 andp3 = 36.749810 (time dependent case).

ning of the chamber, and near the final time (for the time de-
pendent case).

The technique used to obtain a continuous approximation to
the numerical/exact solution is very efficient and can be easily
adapted to fit other functions.
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solution of a diffusion equation with a discrete source
term. DMUC report 07-33.

[2] R.P. Beyer and R.J. Leveque. Analysis of a one-
dimensional model for the immerse d boundary method.
SIAM J. Numer. Anal., 29:332–364, 1992.

[3] Geun-Cheol Gil, In-Seop Chang, Byung Hong Kim, Mia
Kim, Jae-Kyung Jang, Hyung Soo Park, and Hyung Joo
Kim. Operational parameters affecting the performance
of a mediator-less microbial fuel cell.Biosensors and
Bioelectronics, 18:327–334, 2003.

[4] J.D. Kandilarov and L.G. Vilkov. The immersed interface
method for a nonlinear chemical diffusion equation with
local sites of reactions.Numerical Algorithms, 36:285–
307, 2004.

[5] S. Nash and A. Sofer.Linear and nonlinear program-
ming. Mc. GrawHill, New York, 1996.

[6] J. Nocedal and S. Wright. Numerical Optimization.
Springer, New York, 1999.

[7] Eric A. Zielke. Numerical Analysis of a one dimensional
Diffusion Equation for a single chamber Microbial Fuel
Cell using a Linked Simulation Optimization (LSO) tech-
nique.Advanced Numerical Methods, E521, 2006.

4https://doi.org/10.24084/repqj06.305 392 RE&PQJ, Vol. 1, No.6, March 2008




