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Abstract. Synchronous generators (SGs) are the primary

technology for large-scale electricity generation, with stator 

windings connected directly to the grid. This setup limits 

controllability, as control action is exerted only through rotor 

voltage. Variable-speed SGs, which integrate a power electronic 

converter between the stator and grid, enhance controllability. This 

paper analyzes the controllability of an electrically excited SG 

using a d-q-axis model of the electromagnetic subsystem, 

assuming that both the rotor and stator voltages are controlled. The 

analysis shows that the model parameters significantly affect 

controllability. Therefore, SG controllability can be enhanced as 

early as the electromagnetic design phase. 

Key words. Controllability, electrically-excited SG, 

electromagnetic design, variable-speed system. 

1. Introduction

Converter-Interfaced Synchronous Generators (CISGs) 

justify the increased investment costs associated with the 

full-size converter due to their applicability in variable-

speed applications, such as pumped-hydro [1] and wind 

systems [2]. Given the converter-interfaced operation, new 

generator design solutions result in smaller volumes, 

reduced material costs, and enhanced efficiency [3]. 

Furthermore, due to their decoupled operation from the grid, 

CISGs can provide various services to the power grid, as 

required by EU Regulation 2016/63, e.g., power oscillation 

damping, fast fault current injection, and inertial-frequency 

response. Enhancing the controllability of CISGs is, 

obviously, of utmost importance.  

CISGs are implemented as Permanent Magnet Synchronous 

Generators (PMSGs) in wind systems and as Electrically-

Excited Synchronous Generators (EESGs) in pumped-

hydro systems. This paper analyzes the controllability of 

magnetic flux linkages in EESGs. A d-q-axis model of the 

electromagnetic subsystem, represented in state-space form, 

is used, and the impact of variations of model parameters is 

studied. To evaluate the controllability of the EESG model, 

the energy-related controllability Gramian matrix is 

computed, and different Controllability Metrics (CMs) are 

tested [4], [5]. To present the applicability of the CMs in 

the electromagnetic design process, two EESG designs for 

hydro applications are additionally analyzed. The initial 

design is based on the literature and data from 

commercially available EESGs, while the optimized 

design was determined using the discussed CMs as the 

optimization objective. 

2. Controllability Metrics for EESG

A standard model is used, considering two-phase stator 

(armature) windings in orthogonal magnetic axes d and q, 

and the rotor (field) winding in axis d. The damper 

(amortisseur) windings are not considered, as they 

improve stability without affecting controllability. 

Because stator and rotor voltages are controlled, the 

operating point can be maintained within the linear 

magnetic region, making the unsaturated model suitable 

for the controllability analysis [6]. 

The state-space matrix representation of the small-signal 

unsaturated model is given as 𝛙̇ = 𝐀𝛙 + 𝐁𝐮. The state 

vector 𝛙 represents the flux linkages of the field winding 

in the d-axis, and armature windings in the d- and q-axes, 

respectively. The state matrix is given as 

     𝐀 = [

−𝑅f𝐿d 𝛽⁄ 𝑅f𝐿afd 𝛽⁄ 0

𝑅a𝐿afd 𝛽⁄ − 𝑅a𝐿f 𝛽⁄ 𝜔

0 −𝜔 −𝑅a 𝐿q⁄
], (1) 

where 𝑅a and 𝑅f are the resistances of the armature and

field windings, respectively. Self-inductances are denoted 

as 𝐿d, 𝐿q for the armature windings, and 𝐿f for the field

winding, while 𝐿afd denotes mutual inductance. Model

also incorporates the synchronous angular speed (𝜔) and 

the term 𝛽 = (𝐿d𝐿f − 𝐿afd
2 ). The input vector 𝐮 represents

the field voltage and armature voltages in the d- and q-

axes. The input matrix is the identity matrix, i.e., 𝐁 = 𝐈3,

thus considering all the voltages as input variables. 
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The matrix pair {𝐀, 𝐁} is controllable if the system inputs 

can drive any initial state to a desired state in finite time. 

The controllability Gramian matrix 𝐖C quantifies this 

property [4], and is defined as  
 

     𝐖C = ∫ ((𝑒𝐀𝑡𝐁)(𝑒𝐀𝑡𝐁)T)𝑑𝑡
∞

0
, (2) 

 

where 𝑒𝐀𝑡 is the state-transition matrix. Two different CMs 

will be tested: the trace and determinant of the matrix 

𝐖C [5]. The first CM is tr(𝐖C), which is inversely related 

to the average energy required to control all directions in the 

state-space. Thus, a larger trace value indicates that a lower 

average energy is required to control the system. The second 

CM is log det(𝐖C) that measures the volume of reachable 

states with one unit or less of input energy; the logarithmic 

form is adopted for numerical stabilization.  

 

 

3. Results 
 

An EESG for pumped-hydro applications will be 

considered, with the following nominal (base) values: 

345 MVA, 21 kV, 50 Hz (stator), and 220 V (field). The 

parameters of the small-signal model were determined 

using an analytic design-modelling approach [7]. 

 

The analysis of the EESG using the small-signal model will 

employ two sets of model parameters in p.u., corresponding 

to two designs, as given in Table I. The initial set of 

parameters was obtained from the literature and from 

commercially available EESGs for hydro applications. The 

optimized set of parameters was determined through 

numerical optimization using the adopted analytic design-

modelling approach, with the objective based on tr(𝐖C). It 

should be noted that the optimized design using 

log det(𝐖C) resulted in a practically identical EESG 

design. The self-inductance 𝐿d was fixed during the 

optimization. 

 
Table I. Initial and optimized sets of the small-signal model 

parameters (p.u.). 

design initial optimized 

𝑅a 0.0026 0.0019 

𝑅f 0.00046 0.00025 

𝐿d 1.2 1.2 

𝐿q 0.867 0.924 

𝐿f 1.238 1.826 

𝐿afd 1.049 0.871 

 

 

A. Impact of Small-Signal Model Parameters on 

Controllability 

 

Considering only the initial set of small-signal model 

parameters (see Table I), each parameter was varied from 

its initial value to demonstrate its impact on the CMs. The 

results are presented in Figs. 1-6, where the circle markers 

indicate the initial CM values obtained from the initial set 

of model parameters. Furthermore, the synchronous angular 

speed 𝜔 was also varied from 0.1 to 1 p.u., and the results 

show that it does not affect the CMs. 

 

Figs. 1 and 2 show the impact of winding resistances, 

which are inversely related to both CMs. Such a 

relationship is inherent, as larger resistances increase 

copper losses, thus more energy is required to control the 

system’s state. Consequently, EESGs with smaller 

winding resistances are more controllable. Results also 

show that tr(𝐖C) is more affected by the variation of 𝑅f, 

while log det (𝐖C) is more affected by the variation of 𝑅a. 

 

 
Fig. 1. Impact of armature winding resistance variation on CMs.  

 

 
Fig. 2. Impact of field winding resistance variation on CMs. 

 

 

The impact of variation in inductances on CMs is not as 

straightforward as that of variation in winding resistances. 

Fig. 3 shows the impact of the d-axis self-inductance 

variation, where the ratio 𝐿d 𝐿q⁄  was kept constant. Thus, 

𝐿d and 𝐿q were both simultaneously varied. Results show 

an almost linear relationship with tr(𝐖C) and 

log det(𝐖C). Note that the same relationship was also 

found when 𝐿d 𝐿q⁄  was not kept constant. The impact of 

the q-axis self-inductance variation on CMs in Fig. 4 also 

shows an almost linear relationship with log det(𝐖C), and 

tr(𝐖C); however, the impact of variation in 𝐿q is small.  

 

 
Fig. 3. Impact of armature winding d-axis self-inductance 

variation on CMs, where 𝐿d 𝐿q⁄ = const. 
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Fig. 4. Impact of armature winding q-axis self-inductance 

variation on CMs, where max(𝐿q) = 𝐿d. 

 

Fig. 5 shows the impact of the field winding self-inductance 

variation on both CMs, which is qualitatively and 

quantitatively similar to the impact of the armature winding 

d-axis self-inductance variation (see Fig. 3). The impact of 

mutual inductance variation on CMs is exactly the opposite, 

as shown in Fig. 6. Moreover, among all the parameter 

variations, variation in 𝐿afd shows the largest impact on 

both CMs, tr(𝐖C) and log det(𝐖C). 

 

 
Fig. 5. Impact of field winding self-inductance variation on CMs. 

 

 
Fig. 6. Impact of mutual inductance variation on CMs. 

 

 

B. Analysis of Small-Signal Model Parameters and Design 

Variables  

 

The initial and optimized EESG designs are analyzed (see 

Table I). Compared to the initial design, the values of 𝑅a 

and 𝑅f are lower in optimized design, while the values of 𝐿q 

and 𝐿f are higher. It should be noted that 𝐿d was fixed, so 

the two designs have the same value. Furthermore, the value 

of 𝐿afd in the optimized design is lower than that of the 

initial design. These relationships are consistent with the 

results shown in the previous Section (see Figs. 1-6). 

 

Furthermore, Table II lists the design variables that were 

used in the design-modelling process, such as the number 

of pole pairs (𝑝), the magnetic flux densities in the air gap 

and in the stator yoke (𝐵ag and 𝐵s−yoke), and the stator and 

rotor current densities (𝑗s and 𝑗r). Several geometric ratios 

were also used, i.e., stack length / pole pitch (𝜆m), stator 

slot width / slot pitch (𝐾s−slot), rotor pole-shoe 

width / pole pitch (𝐾r−sw), rotor pole-shoe height / pole 

pitch (𝐾r−sh), rotor pole-body width / pole pitch (𝐾r−bw), 

rotor pole-body height / pole pitch (𝐾r−bh), and rotor yoke 

height / pole pitch (𝐾r−yoke). 

 

The results for both EESG designs given in Table II show 

that, compared to the initial design, the optimized design 

has a lower 𝑝, while 𝐵ag and 𝐵s−yoke are slightly lower, 

whereas 𝑗s and 𝑗r are significantly lower. Furthermore, 𝜆m 

of the optimized design is significantly lower, while the 

ratios 𝐾s−slot, 𝐾r−sw, 𝐾r−sh, and 𝐾r−bh are higher. The 

ratios, 𝐾r−yoke and 𝐾r−bw  remain practically unchanged. 

Let us also emphasize that both designs have the same 

efficiency of 98%, whereas the optimized design has a 

higher power density than the initial design.  

 
Table II. Design variables for the initial and optimized EESG 

designs. 

design initial optimized 

𝑝 8 6 

𝐵ag (T) 0.85 0.801 

𝐵s−yoke (T) 1.2 1.095 

𝑗s (A/mm2) 5 3.004 

𝑗r (A/mm2) 5 3.002 

𝜆m 2.5 0.637 

𝐾s−slot 0.4 0.454 

𝐾r−sw 0.7 0.8 

𝐾r−sh 0.1 0.2 

𝐾r−bw 0.5 0.5 

𝐾r−bh 0.3 0.55 

𝐾r−yoke 0.3 0.322 

 

Moreover, Table III shows CMs for the two discussed 

designs. Compared to the initial design, the tr(𝐖C) is 

increased by a factor of 5.7, while the log det (𝐖C) is 

increased by 1.68.  

 
Table III. CMs for initial and optimized sets of the small-signal 

model parameters. 

design initial optimized 

tr(𝐖C) 496 2835 

log det(𝐖C) 6.39 8.07 

 

 

C. Time-Domain Simulations 

 

This Section aims to support the analysis of the CMs by 

time-domain simulations. The initial values of the 

armature (stator) voltages were set to 𝑢d(0) = −0.5 p. u. 
and 𝑢q(0) = 1 p. u., while the initial value of the field 

(rotor) voltage was set to 𝑢f(0) = 0.0005 p. u. All 

voltages were step-wise increased by 10%, but with 

different time delays. First 𝑢f was changed at 18.75 s, then 

𝑢q at 75 s, and finaly 𝑢d at 112.5 s.  
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The following quantities were observed over time: (i) the 

norm of the stator (armature) magnetic flux linkage vector 

‖𝜓a‖ = √𝜓d
2 + 𝜓q

2, (ii) the back emf 𝑒a = (𝜔𝐿afd𝑖f), 

where 𝑖f is the field winding current, and (iii) the absolute 

value of the instantaneous apparent power |𝑠| = ‖𝑢a‖‖𝑖a‖, 

where ‖𝑢a‖ = √𝑢d
2 + 𝑢q

2 and ‖𝑖a‖ = √𝑖d
2 + 𝑖q

2 are the 

norms of the stator (armature) voltage and current vectors, 

respectively. 

 

Two sets of small-signal model parameters, as given in 

Table I, were used to compute time-domain simulations 

numerically. Fig. 7 shows the resulting instantaneous 

responses over time, where the nominal synchronous 

angular speed was used (𝜔 = 1 p. u.). The time was 

denormalized using the base value 𝑇b = 1 𝜔b⁄ , where 𝜔b =
2𝜋𝑓N and 𝑓N = 50 Hz. For the same input voltages, the 

resulting back emf and apparent power are considerably 

higher for the optimized design.  

 

Furthermore, as shown in Fig. 7, the optimized design 

exhibits longer time constants and lower oscillation 

damping. Table IV also shows the time constants and the 

damping ratio computed from the eigenvalues of the state 

matrix given by (1). All three eigenvalues have negative 

real parts, indicating stability. One eigenvalue is real and 

corresponds to the non-oscillatory rotor (field winding) 

mode, which is characterized by a time constant 𝑇r. Two 

eigenvalues are conjugate complex and correspond to the 

oscillatory stator (armature winding) mode. This mode has 

a time constant 𝑇s, a frequency of oscillations equal to the 

synchronous angular speed 𝜔, and the damping ratio 𝜁s.  

 
Table IV. Time constants and the damping ratio. 

design initial optimized 

𝑇r (s) 2.036 15.202 

𝑇s (s) 0.559 1.422 

𝜁s 0.0057 0.0022 

 

 

 
Fig. 7. Stator magnetic flux linkage, back emf, and apparent 

power over time during changes in 𝑢f at 18.75 s, in 𝑢q at 75 s, 

and in 𝑢d at 112.5 s, and 𝜔 = 1 p. u.. 

4. Conclusion 
 

This paper presents a controllability analysis of two 

electromagnetic design options of the 345 MVA EESG for 

pumped-hydro applications. A small-signal model was 

used, and controllability was analyzed using two energy-

related CMs. The main conclusions are as follows: 

 

1. Winding resistances are inversely related to both 

CMs. Self-inductances are almost linearly related 

to both CMs, while the relationship between the 

mutual inductance and both CMs is exactly the 

opposite. 

2. The CMs discussed were used as objectives in the 

analytic-design modelling approach. The 

resulting optimized designs have almost identical 

parameters. 

3. Compared to the initial EESG design, the 

optimized design has lower winding resistances, 

higher self-inductances, and a lower mutual 

inductance. 

4. Both the initial and optimized EESG designs 

have the same efficiency, but the optimized 

design has a higher power density. 

5. The optimized EESG exhibits a longer time 

constant and lower damping of the oscillatory 

stator mode, while the time constant of the non-

oscillatory rotor mode is considerably longer. 

 

Future work will detail the adopted analytic design-

modelling approach. Modal analysis will be fully 

incorporated in the electromagnetic design process to 

constrain the time constants and damping of optimized 

solutions. The evolution of design variables from initial to 

optimized values will also be investigated, along with a 

physical interpretation of these changes on EESG 

configurations.  
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